Abstract. In this note, we describe the Picard group of the class of compact, smooth, flat, projective varieties. In view of Charlap's work and Johnson's characterization, we construct line bundles over such manifolds as the holonomy-invariant elements of the Neron-Severi group of a projective flat torus covering the manifold. We prove a generalized version of the AppellHumbert theorem which shows that the nontrivial elements of the Picard group are precisely those coming from the above construction. Our calculations finally give an estimate for the set of positive line bundles for such varieties.
Introduction
Let M denote a compact, connected, complex, flat Riemannian manifold. In 1912 Bieberbach proved that every compact flat Riemannian manifold M is finitely covered by a flat torus. For a proof, see e.g. [14] . Furthermore, these manifolds are classified [3] , up to connection preserving diffeomorphisms, by associating to M a short exact sequence 0 −→ Λ −→ G −→ Φ −→ 1, (1) in which Φ, the holonomy group of M , is finite and Λ Z 2n is the translation subgroup of G π 1 (M ), a torsion free, discrete, cocompact subgroup of M 2n , the group of Euclidean motions of R n . Conversely, given any such torsion free extension, G imbeds as a discrete cocompact subgroup of M 2n , and M is isometric to G \ E n /O 2n , where O 2n is the isotropy group of the origin.
We let V V t denote the complex vector space of dimension n and complex structure t whose underlying real vector space is Λ⊗ Z R. Further, let ρ be a faithful integral representation ρ : Φ −→ GL Z (Λ) and denote by Λ ρ and V ρR the Z[Φ] and R[Φ]-module where Φ acts by means of ρ and ρ R : Φ → GL Z (Λ) → GL R (V ) respectively.
When there is no fear of confusion we may write Λ instead of Λ ρ , and V instead of V ρR . We shall say V admits a complex structure if there exists a map t ∈ End R[Φ] (V ρR ) such that t 2 = 1. In view of the well known correspondence between Φ-representations over a ring K and K[Φ]-modules, we can, in the language of representation theory, equivalently define t to be a complex structure for (Λ, ρ) when Im(ρ) ⊂ GL C (V t ). GL C (V t ) denotes the following set:
One says that Λ or (Λ, ρ) admits a projective structure if, in addition to its complex structure, the complex torus V t /Λ is projective as a complex manifold. F.E.A. Johnson has given in [7] the following description for the class P of fundamental groups of smooth, flat, complex, projective varieties. Theorem 1.1. P consists precisely of those torsion free groups G which occur in an extension
in which the operator homomorphism ρ admits a P-structure and Φ is finite.
In the second part of this paper, we study the long exact cohomology sequence of a compact, complex, flat manifold. We prove that apart from torsion, H 2 (M ; Z) is precisely what it was expected to be, i.e. [H 2 (M ; Z)] Φ , whereM ≡ V/Λ. In Proposition 3.2 of the third and final part of this paper, we construct a line bundle over M whose Chern class is a given element of [NSM] Φ . As a corollary we get the generalized Appell-Humbert Theorem 3.4. Combining the results in sections two and three, one readily has a calculable estimate of the size of the set of all positive line bundles over M , this set sitting inside a free abelian group of rank
2. The long cohomology sequence of a compact complex flat manifold , with x ∈ M and f, g ∈ Z, O respectively, gives rise to a long exact sequence in cohomology 
By use of the known identification Pic(M ) = H 1 (M; O * ) and by letting
The topological groups H p (M ; Z) are all discrete because their topology comes from Z. For p ≥ 2, H p (M ; Z) are no longer torsion free. Their rank, however, can easily be computed by means of the following lemma. It also turns out that this depends only on the holonomy representation ρ : Φ → GL Z (Λ) and not on the cohomology class defining (1).
Lemma 2.2. If G is a Bieberbach group as above and ρ : Φ → GL Z (Λ) the holonomy representation associated with (1), then one has
the Φ-invariant elements of i-th exterior power of H 1 (Λ; Q) .
Proof. The E 2 -page of the Lyndon-Hochshild-Serre spectral sequence associated with (1) is given by E j,i
Because Q is divisible , everything collapses except the i-axis. Therefore
Since Λ is a finitely generated free abelian group and Q a trivial Λ-module, by the universal coefficient theorem
If Ω p denotes the sheaf of germs of holomorphic p-forms on M , the Hodge Decomposition Theorem for any Kähler manifold, see for example [5, page 116] 
and
is a complex torus.
The dimension of Pic 0 (M ) is given by Lemma 2.4.
where Λ, Φ are as in (1) .
Proof. By the Poincaré Duality H n (M ; Z) H 0 (M ; Z), and because M is connected, H 0 (M ; Z) Z. It follows that H n−1 (M ; Z) is torsion free. For
and Ext(H n−1 (M ; Z), Z) is isomorphic to the torsion subgroup of H n−1 (M ; Z). By Poincaré Duality once more, one concludes that H 1 (M ; Z) has no torsion. The proof now follows from the universal coefficient theorem and Lemma 2.2.
We now want to study the connecting homomorphism δ :
The discussion that follows is true for every n but we are interested in the case n = 1 only.
is a vector space, and
is injective by exactness. Thus, H 2 (M ; Z)/ Im δ is a finitely generated abelian torsion-free group, and we can write 
Although H 2 (M ; Z) may not be torsion-free, one has
Proof. From the Lyndon-Hochschild-Serre spectral sequence of (4.1.1), we have 
The Picard group
Keeping the same notation as above V is the universal covering of M andM ≡ V/Λ is a complex torus which is a finite holomorphic covering of M . If M is a flat algebraic manifold, then so isM.
Associated with (1) one has the cohomology class c ∈ H 2 (Φ; Λ ρ ) that classifies the extension and which we assume to be non-trivial. If i : Λ → Λ ⊗ Z R = V is the map defined by sending λ → λ ⊗ 1, λ ∈ Λ, then the class i * (c) ∈ H 2 (Φ; V ) is trivial, for Φ is finite and V is divisible. We choosê
since Φ is always finite, the above definition makes sence. It is not difficult to show thatĉ ∈ H 1 (Φ, V ) is a "canonical" choice, amongst several ones, of a 1-cocycle such that
for c ∈ H 2 (Φ, Λ), and thus
for all g 1 , g 2 , h ∈ Φ; θ is the second differential in the bar resolution and δ the corresponding differential from the 1-cochains to the 2-cochains.
The elements of G are being represented as the elements of the cartesian product Λ × Φ, where the addition is being defined by
The action of
which induces the action of
since |Φ|ĉ(g) ∈ Λ (recall that V = Λ ⊗ Z R inherits its G-module structure from Λ). For any G-module A the action of Φ on H n (Λ; A) is defined by means of the action of G on H n (Λ; A),
given by
for γ ∈ G and λ i ∈ Λ. For n = 1 and A ≡ O * , the G-group of non-vanishing complex-valued holomorphic functions on V , this gives us
as follows
where e ∈ H 1 (Λ; O * ), g ∈ Φ, u ∈ Λ, and z ∈ V . One can easily see that the skew, R-bilinear form F which is integral on Λ and invariant under the complex structure is Φ-invariant if and only if its associated hermitian form H, H(x, y) = F (tx, y) + iF (x, y), is Φ-invariant. Moreover, starting with a semicharacter a for a Φ-invariant H we can defineâ(u) = |Φ| g∈Φ a(g −1 u) which is easily checked to be Φ-invariant. The following is now immediate: Lemma 3.1. If the R-bilinear form F which is integral on Λ and invariant under the complex structure is Φ-invariant, then so is the 1-cocycle
) and a is a semicharacter for H.
We can now show 
The cocycle condition for h is as follows:
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We then have
= f |Φ|(λ+ĉ(g)+gλ +gĉ(g )) (z)
= f |Φ|(gλ +gĉ(g )) (z − |Φ|(λ +ĉ(g)))f |Φ|(λ+ĉ(g)) (z)
( (5), (6)
(where we recall that (λ, g)
). For the second part of the proof, first notice that the line bundle L(H, a) corresponding to H and a as above is obtained as the quotient of C × V for the action of π 1 (M ) = G given by
where the notation is being kept as above. To find the Chern class of L(H, a) we look at the commutative diagram
The vertical maps are inclusions. In particular, H, a) ) is a torsion free element of H 2 (G; Z), thus by the proof of Proposition 2.6 c 1 (L (H, a) ) ∈ E 0,2
Since j is the inclusion, it follows that c 1 (L(H, a)) ∈ [NS(M )] Φ , and this completes the proof.
For any (λ, g) ∈ G the translation τ (λ,g) : M → M is homotopic to the identity. Thus, by immitating the standard proof for abelian varieties, one can have further: 
Proposition 2.5 says that Pic 0 (M ) is precisely the identity component of Pic(M ). Furthermore, Pic(M )/ Pic 0 (M ) is finitely generated abelian and therefore discrete as a Lie group. We may, thus, write
be the identification map. Define Γ ≡ φ −1 (Tors(H 2 (M ; Z)); then Γ occurs in the following two extensions:
The 2-cocycle in H 2 (Tors(H 2 (M ; Z)); Pic 0 (M )) that classifies extension (9) is trivial. In the opposite case Pic 0 (M ) would be a subgroup of finite index in a connected Lie group, and so it contradicts Proposition 2.5. Since Pic(M ) is an abelian topological group, we can write
This, for a compact abelian topological group, follows directly from a theorem of Pontrjagin [12, Theorem 55, page 213] . The case of a general abelian topological group A with identity component a Lie group A 0 such that A/A 0 be finitely generated, can be reduced to that of a compact abelian topological group through the following reasoning:
Then G 1 ¡ A, A/G 1 Z n and A G 1 ×Z n . Now, G 1 is a Lie group with finitely many components, so it has a maximal compact subgroup, say K; see for example [9] . K ¡ G 1 with G 1 abelian, so G 1 /K R l and finally G 1 K × R l . The decomposition now follows from Pontryagin's theorem on K. Proposition 3.2 and extension (10) With an eye towards projective embeddings for flat varieties, we notice that the Grothendieck's spectral sequence [6, page 202] yields
The following equivariant version of Lefschetz's theorem is an immediate implication of this remark, Proposition 3.2 and the standard Lefschetz's theorem, see [ 
